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In this paper we investigate locally primitive Cayley graphs of ﬁnite
nonabelian simple groups. First, we prove that, for any valency d
for which the Weiss conjecture holds (for example, d 20 or d is
a prime number by Conder, Li and Praeger (2000) [1]), there exists
a ﬁnite list of groups such that if G is a ﬁnite nonabelian simple
group not in this list, then every locally primitive Cayley graph of
valency d on G is normal. Next we construct an inﬁnite family of
p-valent non-normal locally primitive Cayley graph of the alternat-
ing group for all prime p 5. Finally, we consider locally primitive
Cayley graphs of ﬁnite simple groups with valency 5 and deter-
mine all possible candidates of ﬁnite nonabelian simple groups G
such that the Cayley graph Cay(G, S) might be non-normal.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Let Γ be a ﬁnite, simple and undirected graph. Denote VΓ , EΓ , and AutΓ as the vertex set, edge
set and the full automorphism group of Γ respectively. For any vertex α ∈ VΓ , denote Γ (α) as the
set of vertices adjacent to α in Γ . For a vertex transitive automorphism group G of Γ , the graph Γ
is called G-locally primitive if Gα acts primitively on Γ (α). The graph is called locally primitive if Γ is
AutΓ -locally primitive. Clearly, Γ is locally primitive if and only if there is a transitive subgroup G of
AutΓ such that Γ is G-locally primitive.
Given a positive integer s, an s-arc of Γ is a sequence (v0, v1, . . . , vs) of s+1 vertices of VΓ such
that (vi, vi+1) ∈ EΓ and vi−1 = vi+1. The graph Γ is called (G, s)-arc transitive if there is a transitive
subgroup G of AutΓ acting transitively on set of all s-arcs of Γ . A (G,1)-arc transitive graph is also
said to be arc-transitive or symmetric. In particular, an (AutΓ, s)-arc transitive graph is called s-arc-
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(AutΓ )α is transitive on Γ (α).
For a group G and a subset S of G such that 1G /∈ S and S−1 = S , the Cayley graph Cay(G, S) of G
relative to S is deﬁned as
VΓ = G, EΓ = {{x, y} | yx−1 ∈ S}.
Let 〈S〉 denote the subgroup of G generated by S . Note that a disconnected Cayley graph Γ =
Cay(G, S) is a disjoint union of |G : 〈S〉| copies of the Cayley graph Cay(〈S〉, S). So we focus on con-
nected Cayley graphs, that is, G = 〈S〉. For a group G , denote GR and GL as the right and left regular
representations of G respectively. Deﬁne
A(G, S) = {x ∈ Aut(G) | Sx = S},
acting naturally on G . Then, it is easy to see that each Cayley graph Γ = Cay(G, S) admits the group
GR . A(G, S) as a subgroup of automorphisms. Moreover (see [7,17]), NAutΓ (GR) = GR . A(G, S). Note
that GR ∼= G . So we can identify G with GR  AutΓ for Γ = Cay(G, S). The Cayley graph Cay(G, S) is
called normal if G is normal in AutΓ . In this case AutΓ = G . A(G, S).
A fundamental problem in investigating locally primitive graphs is to determine the structure of
the vertex stabilizer of AutΓ . There is a conjecture proposed by R. Weiss [16], which says that there
is a function f deﬁned on the positive integers such that, whenever Γ is a G-locally primitive graph
of valency d with automorphism group G then, for any vertex α ∈ Γ , |Gα |  f (d). In [1], applying
the O’Nan–Scott Theorem for ﬁnite quasiprimitive permutation groups proved in [12], Conder, Li and
Praeger reduced the proof of the Weiss conjecture for non-bipartite graphs to the case where the
locally primitive group of automorphisms is almost simple (a group G is called almost simple if T 
G  Aut(T ) for some nonabelian simple group T ). They proved further that the Weiss conjecture is
true for d-valent graphs if d  20 or d is a prime number. In this paper we study locally primitive
Cayley graph on a ﬁnite nonabelian simple group. Our ﬁrst theorem gives a suﬃcient condition under
which a locally primitive Cayley graph on ﬁnite nonabelian simple group is normal.
Theorem 1.1. For any valency d for which the Weiss conjecture holds (for example for d  20 and for d being
a prime number), all but ﬁnitely many locally primitive Cayley graphs of valency d on the ﬁnite nonabelian
simple groups are normal.
According to Theorem 1.1, it is natural to propose the following
Problem 1.2. Classify non-normal locally primitive Cayley graphs of ﬁnite simple groups with valency
d 20 or a prime number.
In [9], Li dealt with the case of d = 3 and showed that the only possibilities for non-normal cubic
Cayley graphs under the hypotheses of Theorem 1.1 must arise from one of the groups G = A5, L2(11),
M11, A11, M23, A23, A47. These seven groups were examined in [18,19] by two authors of this paper
with S.J. Xu and M.Y. Xu who proved that, up to isomorphism, there are only two cubic non-normal
locally primitive Cayley graphs of A47 which are 5-arc transitive with AutΓ = A48. Now we consider
a prime-valent locally primitive Cayley graph of a nonabelian simple group G . Note that if a G-arc
transitive graph Γ has a prime valency p, then the subconstituent GΓ (α)α must be primitive and hence
Γ is G-locally primitive. Our next theorem gives an inﬁnite family of Cayley graphs Γ = Cay(G, S) of
the alternating group G , which is non-normal arc-transitive with a prime valency p.
Theorem 1.3. For each prime number p > 5 and the alternating group G = Ap−1 , there exists a Cayley sub-
set S of G such that the corresponding Cayley graph Γ = Cay(G, S) is a connected p-valent non-normal
arc-transitive graph. Further, G < Ap  AutΓ .
Finally, we discuss the case of d = 5. The following theorem gives all possible candidates of ﬁnite
nonabelian simple groups G such that an arc-transitive Cayley graph Cay(G, S) of valency 5 might be
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p-subgroup of G , which is called the p-part of |G|.
Theorem 1.4. Let G be a ﬁnite nonabelian simple group and Γ = Cay(G, S) a locally primitive Cayley graph
of G with valency 5. Then either AutΓ = G . A(G, S) or Γ is not normal and one of the following holds:
(1) (soc(AutΓ ),G) = (An, An−1), where either n = 60 ·k with k | 215 ·3 and k = 3,4,6,8, or n = 10m with
m | 8.
(2) There is a maximal intransitive normal subgroup K of AutΓ such that the socle of AutΓ/K , denoted by L¯,
is a simple group containing G¯ = GK/K ∼= G properly. Furthermore, either (L¯, G¯) = (PSp8(2),Ω−8 (2)) or
one of the following holds:
(a) G is centralized by K , K  S5 ∩ GL , and (L¯, G¯) = (A16, A14) or (An, An−1) for some n 6 such that
n | 217 · 32 · 5.
(b) G is not centralized by K , L¯ = G¯ is isomorphic to an irreducible subgroup of Ld(2) for some integer
4 d 17 and |G|2 < 2d.
Theorems 1.1 and 1.3 will be proved in the next section. Some useful lemmas are presented in
Section 3. Finally, we complete the proof of Theorem 1.4 in Section 4.
2. Proof of Theorems 1.1 and 1.3.
Proof of Theorem 1.1. Let d be a valency for which the Weiss conjecture holds. Then, for any locally
primitive d-valent graph Γ and a vertex α ∈ VΓ , there exists an integer m such that |Aut(Γ )α |m.
Let Γ be a locally primitive Cayley graph on a ﬁnite nonabelian simple group G , A = Aut(Γ ) and Aα
be the stabilizer of the vertex α ∈ Γ . By our assumption on d, we have |Aα |m. Now consider the
action of A on the cosets of G by right multiplication. The kernel K of this action is normal in G , and
so either K = 1 or K = G . The latter case cannot occur since G is not normal in A. Hence K = 1 and
A acts faithfully on the set of cardinality |A/G| = |Aα | m. In particular, |A| m!. The result now
follows from the fact that there are only ﬁnitely many groups of order less than or equal to m!, which
implies that only ﬁnitely many Cayley graphs on such groups. 
For a group G , a subgroup K of G is called core-free if
⋂
g∈G K g = 1. Given a core-free subgroup
K of G and an element g ∈ G\NG (K ) such that g2 ∈ K and G = 〈K , g〉, one can deﬁne a graph
Γ ∗ = Γ (G, K , g) such that
VΓ ∗ = {Kx | x ∈ G}, EΓ ∗ = {{Kx, K y} | xy−1 ∈ K gK}.
The following proposition, due to Sabidussi [13], provides a way to reconstruct a G-arc transitive
graph Γ from the group G (see also [4, Theorem 2.1]).
Proposition 2.1. Let Γ be a ﬁnite connected G-arc transitive graph of valency d. Then there exists a core-free
subgroup K of G and a 2-element g /∈ NG(K ) satisfying the follow properties.
(1) g2 ∈ K , 〈K , g〉 = G;
(2) |K : K ∩ K g | = d and K is transitive on the set of cosets [K : K ∩ K g] by right multiplication action;
(3) Γ ∼= Γ (G, K , g).
Conversely, if G is a ﬁnite group with a core-free subgroup K and a 2-element g satisfying (1) and (2) above,
then Γ ∗ = Γ (G, K , g) is a connected G-arc-transitive graph and G acts faithfully on the vertices of Γ ∗ by
right multiplication.
By using this reconstruction we prove Theorem 1.3.
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Ω = {1,2, . . . , p}, where σ = (1 2 · · · p) and τ = (1 2)(3 4). Then H is transitive and hence primitive
on Ω . It is easy to verify that
σ 2τ = (1 4 6 · · · p − 1 2 3 5 · · · p), (σ 2τ )
p−1
2 = (1 2 p p − 1 · · ·5 4 3),
which leads to
(
σ 2τ
) p−1
2 · σ = (1 3 2).
This shows that H contains a 3-cycle and then H = Ap , the alternating group of degree p. Write
K = 〈σ 〉. Now Γ ∗ = Γ (Ap, K , τ ) is a connected arc-transitive graph of valency p by Proposition 2.1.
Moreover, it is easy to see that Ap = K Ap−1 and K ∩ Ap−1 = 1. So Ap−1 acts regularly on VΓ ∗ =
[Ap : K ] by right multiplication action. Therefore Γ (Ap, K , τ ) ∼= Cay(Ap−1, S) for some Cayley subset
of Ap−1 with |S| = p. Since Ap  AutΓ ∗ , the Cayley graph Cay(Ap−1, S) is not normal. This completes
the proof of Theorem 1.3. 
3. Some lemmas
In this section we present three lemmas which will play an important role in proving Theorem 1.4.
For a connected locally primitive graph Γ of valency 5, the ﬁrst lemma gives an upper-bound for the
order of the vertex stabilizer in AutΓ .
Lemma 3.1. (See [15].) Let Γ be a connected locally primitive graph of valency 5, then |(AutΓ )α | divides
217 · 32 · 5. Further, if 3  |(AutΓ )α |, then |(AutΓ )α | divides 80.
The second lemma describes the possible structure of the full automorphism group of a connected
Cayley graph of a ﬁnite nonabelian simple group. Before stating the lemma we introduce some deﬁni-
tions and notation. A permutation group G acting on a set Ω is said to be quasiprimitive if each of its
nontrivial normal subgroups is transitive on Ω . For a group G , denote soc(G) as the socle of G , that
is, the product of all the minimal normal subgroups of G . In particular, the socle of an almost simple
group is a nonabelian simple group. For a graph Γ and a subgroup K  AutΓ , the quotient graph ΓK
of Γ relative to K is deﬁned as the graph with vertices the K -orbits in VΓ and any two K -orbits,
say X and Y , are adjacent in ΓK if and only if at least one x ∈ X and one y ∈ Y are adjacent in Γ .
Lemma 3.2. (See [5, Theorem 1.1].) Let G be a ﬁnite nonabelian simple group and Γ = Cay(G, S) a connected
Cayley graph for G. Let M be a subgroup of AutΓ containing G . A(G, S). Then either M = G . A(G, S) or one
of the following holds.
(1) M is almost simple, and soc(M) contains G as a proper subgroup and is transitive on VΓ .
(2) G · Inn(G) M = G . A(G, S) . 2 and S is self-inverse union of G-conjugacy classes.
(3) M is not quasiprimitive and there is a maximal intransitive normal subgroup K of M such that one of the
following holds:
(a) M/K is almost simple, and soc(M/K ) contains GK/K ∼= G and is transitive on VΓK .
(b) M/K = AGL3(2), G = L2(7), and ΓK ∼= K8 .
(c) soc(M/K ) ∼= T × T , and GK/K ∼= G is a diagonal subgroup of soc(M/K ), where T and G are given
in [5, Table 1].
In Lemma 3.2(1) there is an almost simple group M with socle L which contains G properly. Now
M = GMα and |Mα | = |M : G|, which is divisible by |L : G|. If Γ is of valency 5, then |L : G| | 217 ·32 ·5
by Lemma 3.1. Let H be a maximal subgroup of L containing G . Then |L : H| is also a divisor of
217 · 32 · 5. The next lemma determines all such triples (L, H,G). Given a group L, its factorization
L = AB is said to be maximal if both A and B are maximal subgroups of L (see, for example, [10,
p. 1]). For a ﬁnite group T , let π(T ) be the set of all prime divisors of |T |.
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π(L) = π(G).
L H G |L : G|
An An−1 An−1 n | 217 · 32 · 5
A9 S7 A7 72
A10 S8 A8 90
S8 A7 720
A16 S14 A14 240
PSp8(2) Ω
−
8 (2) : 2 Ω−8 (2) 240
PSp4(4) L2(16) : 2 L2(16) 240
U4(2) S6 A6 72
U3(3) L2(7) L2(7) 36
Sp6(2) S8 A8 72
S8 A7 576
PΩ+8 (2) PSp6(2) PSp6(2) 120
A9 A9 960
2 F4(2)′ L2(25) L2(25) 4608
M11 L2(11) L2(11) 12
M12 M11 M11 12
L2(11) L2(11) 144
M24 M23 M23 24
Table 2
π(L) = π(G).
L H G |L : G|
A7 L2(7) L2(7) 15
A8 23 : L3(2) L3(2) 120
A9 L2(8) : 3 L2(8) 360
L3(4) L2(7) L2(7) 120
PSp6(2) L2(8) : 3 L2(8) 3× 960
Lemma 3.3. Let L be a ﬁnite simple group and G a nonabelian simple subgroup such that |L : G| | 217 ·32 ·5. If
L = HD is a maximal factorization with G  H, then the triple (L, H,G) must be one of the entries of Tables 1
or 2.
Proof. Given a positive integer n = pr ·m with p a prime and (m, p) = 1, write np = pr and np¯ = n/np .
Then |L : H|2¯ is a divisor of 45. We shall discuss the following two situations separately.
Situation 1. π(G) = π(L).
Since L = GLα with |Lα |2¯ | 45 we have π(L) = π(H) = π(G). Moreover, if M is an almost simple
group with socle L, the possibilities for L and H are given in [11, Table 10.7]. Using the conditions
G  H and |L : G|2¯ | 45, a case-by-case check on Table 10.7 of [11] shows that only the following ten
cases yield the pairs (L, H) satisfying |L : H| | 217 · 32 · 5.
Case 1. L = An and AkH  Sk× Sn−k . Now G = Ak with k 5 and |L : G| = |An : Ak| divides 217 ·32 ·5.
If k = n−1, then |An : An−1| divides n for any positive integer n 4. Thus we obtain the triples below:
(L, H,G) = (An, An−1, An−1)
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n = 6, since L2(5) = A5, row 1 of Table 1 covers the case given in [11, row 2 of Table 10.7], where
L = A6 and H = L2(5).
If k = n − 2, then |L : G| = n(n − 1) divides 217 · 32 · 5 and hence (n(n − 1))2¯ divides 45, which
implies that n = 9,10,16. Considering the maximal subgroups H = (Sn−2 × S2) ∩ An of An , we get
H = Sn−2. So
(L, H,G) = (An, Sn−2, An−2), for n = 9,10,16,
which occurs in rows 2, 3 and 5 of Table 1, respectively.
If k  n − 3, the similar argument leads to n = 10, k = 7 and H = (A7 × 3) : 2, which is given by
rows 4 of Table 1.
Case 2. L = PSp2m(q) with m,q even and G = Ω−2m(q) H . Now |L : G|2¯ = qm − 1, which is a divisor
of 45. It follows that either m = 2 and q = 2r with 1 r  3 or m = 4 and q = 2. In the latter case we
have (L,G) = (PSp8(2),Ω−8 (2)). Then by [2, p. 123] we conclude that
(L, H,G) = (PSp8(2),Ω−8 (2) : 2,Ω−8 (2)
)
.
This is row 6 of Table 1. While m = 2, since 26 − 1 = 63 which is divisible by 7, r = 1 or 2 and hence
G is Ω−4 (2) ∼= A5 or Ω−4 (4) ∼= L2(16). Then by [2, pp. 4, 44], we have H = A5 or L2(16) : 2. It follows
that
(L, H,G) ∈ {(A6, A5, A5),
(
PSp4(4), L2(16) : 2, L2(16)
)}
.
These two triples occur in rows 7 and 1 of Table 1 respectively.
Case 3. L = PΩ2m+1(q) and G = Ω−2m(q) H , for m even and q odd. A similar argument as in Case 2
yields m = 2, q = 3 and (L, H,G) = (U4(2), S6, A6), where G = Ω−4 (3) ∼= A6. This is row 8 of Table 1.
Case 4. L = PSp4(q) and G = PSp2(q2) H . Now |L : G| = q2(q2 − 1). It follows that either q = 2r for
some integer r  8 or q = 3. In the former case, since |L : G|2¯ is a divisor of 45, it is trivial to see
that r = 2. So L = PSp4(4) and G ∼= L2(16), which has been treated in Case 2. In the latter case,
L = PSp4(3) ∼= U4(2) and G ∼= L2(9) ∼= A6, which has been treated in Case 3.
Case 5. L = U3(3) and G = L2(7) = H . In this case, by [2, p. 14], it is trivial to obtain row 9 of Table 1.
Case 6. L = U4(2) and G = A5 or A6. By [2, p. 26], we have G = A5 < 24 : A5 = H or G = A6 S6 = H .
In the former case we have 27 | |L : G|, which is impossible. The latter case has been treated in Case 5
(see row 8 of Table 1).
Case 7. L = Sp6(2) and G = A8 or A7. By [2, p. 46] we know that H = S8 and the triples of (L, H,G)
are given in rows 10 and 11 of Table 1 respectively.
Case 8. L = PΩ+8 (2) and H  Pi for i = 1,3,4 or G = H = A9. In the former case, it follows from [2,
pp. 85–87] that H = G = PSp6(2) with |L : G| = 120, and (L, H,G) is given in row 12 of Table 1. For
the latter case, |L : G| = 960, which is listed in row 13 of Table 1.
Case 9. L is one of the groups 2F4(2)′,M11,M12,M24 in [11, Table 10.7]. It is not hard to verify that
the corresponding triples of (L, H,G) are those listed as the last ﬁve rows of Table 1.
Case 10. For the other cases of L in [11, Table 10.7], it is trivial to verify that 32 · 5 is not divisible by
|L : G|2¯ . Therefore these cases do not occur. This completes the discussion for Situation 1.
Situation 2. π(L) = π(G).
Now we have π(L) = π(G) ∪ {p∗} with p∗ = 3 or 5 since |L : G|2¯ | 45.
Case 1. p∗ = 3. Since (|G|,3) = 1, G = Sz(22m+1) with m  1. Now |L|3 = 3r with r = 1,2. If L is an
alternating group An , then n 8. However, A8 has not subgroup isomorphic to Sz(q). Thus L = An . It
is not hard to see, by checking [2] directly, that L cannot be a sporadic simple group. So L = S(q) is a
ﬁnite simple group of Lie type with q = pr for some prime p and integer r  1.
If p = 3, then q = 3 and hence L would be U2(3) or Ω3(3), which is impossible. So we assume
p = 3 and write q = 3k±1 with k 1. It is easy to verify that q2 −1 and q6 −1 are divisible by 3 and
32 respectively. Thus if L is a exceptional group of Lie type, then L = 2F4(q) with q = 22s+1. However,
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a classical group deﬁned over Fq . Note that, for a Suzuki simple group G = Sz(22m+1) and any odd
prime divisor p′ | |G|, a Sylow p′-subgroup of G is cyclic. It follows that, for any odd prime divisor
p′ = 3 of |L|, a Sylow p′-subgroup of L should also be cyclic because |L|p′ = |G|p′ . This contradiction
shows that L cannot be a classical simple group . Thus p∗ = 3.
Case 2. p∗ = 5. Clearly, G is a ﬁnite simple group of Lie type since (|G|,5) = 1. Let L be a ﬁnite simple
group containing G and |L|5 = 5. Now we discuss the following subcases.
Subcase 1. L is an alternating group An with n 5. Clearly, A6  L  A9. Then by [2, pp. 10, 22 and 37]
we obtain the triples of (L, H,G) as in rows 1, 2, and 3 of Table 2.
Subcase 2. L is a sporadic simple group. Since |L|5 = 5, L must be one of the following groups
M11, M12, M22, M23, M24, J1, J3, J4, O
′N.
By checking [2] we know that, for all these L, |L : G|2¯ is not a divisor of 45. Thus L cannot be a
sporadic simple group.
Subcase 3. L = S(q) is a ﬁnite simple group of Lie type with q = pr for some prime p and integer
r  1. Since |L|5 = 5, p = 5. Write q = 5k+ r with 1 r  4. Note that 5 divides m4 −1 for any integer
m = 5n + r with 1 r  4. Thus we conclude that L is one of the groups in the following set:
{
Ln(q), Un(q), PSp2m(q), Ω2m+1(q), PΩ±2m(q), G2(q),
2G2(q),
3D4(q)
}
, (1)
where 2 n 7 and m = 2, 3.
Since (|G|,5) = 1, a similar argument shows that G must be one of the following groups:
L2
(
q′
)
, L3
(
q′
)
, U3
(
q′
)
, G2
(
q′
)
, 2G
(
q′
)
, 3D4
(
q′
)
, (2)
where q′ = p′ s for some prime p′ and odd s.
First of all, by checking the maximal subgroups of L2(q), one can conclude that L = L2(q). More-
over, since L is a ﬁnite simple group of set (1), it must be in Tables 1, 2, 3 and 5 of the maximal
factorizations of the ﬁnite simple groups [10]. If L is a group in Table 3, then it is not hard to see
that (L, H,G) = (L3(4), L2(7), L2(7)), which is given in row 4 of Table 2. So we next assume that L is
given in Tables 1, 2 and 5 of [10].
In addition, under our assumption, it is not hard to verify that the simple groups in set (1) are not
the case except for those in the following subset of set (1):
Ω(L) = {Ln(q), U2m(q), PSp2m(q), Ω7(q), G2(q)
}
, (3)
where 3 n 7 and m = 2, 3.
For L ∈ Ω(L), suppose that L = HD is a maximal factorization with G  H . Following two situa-
tions should be considered.
(I) H = Pi or Ni in Tables 1, 2 or 5 of [10].
In this case, H contains a non-solvable section S . In other words, H = Y .S.Z where Y and Z are
solvable and S is non-solvable. Now we list these S as below.
L XA or XB non-solvable section
Ln(q) P1 or Pn−1 Ln−1(q)
3 n 7 Stab(V1 ⊕ Vn−1) Ln−1(q)
PSp2m(q) P1 PSp2m−2(q)
m = 2,3 Pm PGLm(q)
N2 L2(q) × PSp2m−2(q)
U2m(q) N1 U2m−1(q)
m = 2,3 Pm Lm(q2)
Ω7(q) N
−
1 Ω
−
6 (q)
P1 L6(q)
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(a) L = Ln(q). In this case we have S = Ln−1(q) and
|L : S| = qn−1(qn − 1) · dn,q, dn,q = (n − 1,q − 1)/(n,q − 1).
It follows that n = 3 or 4. If n = 3, then |L : S| = q2(q3 − 1) · d3,q . However, it is trivial to see that
(q2(q3 − 1) · d3,q)2¯ does not divide 45 for any q = pr with p a prime and r  1. So n = 3. If n = 4,
then |L : T | = q3 . (q4 − 1) · d4,q , which implies that q = 2 and hence L = L4(2). Then by [2, p. 22], we
obtain
(L, H,G) = (L4(2),23 : L3(2), L3(2)
)
,
which is listed in row 1 of Table 2.
(b) L = PSp2m(q). If S = PSp2m−2(q), then |L : S| = q2m−1(q2m − 1) with m  2. Thus m = 2 and
q = 2. It follows that L = PSp4(2) and S = PSp2(2) ∼= L2(2), contradicting the fact that S is insolvable.
A similar argument shows that the case of S = PGLm(q) and L2(q) × PSp2m−2(q) does not occur.
(c) L = U2m(q) or Omega7(q). Direct computation shows that either 45 is not divisible by |L : S|2¯
or S is solvable, which is not the case.
(II) G  Pi or Ni in Tables 1, 2 and 5 of [10].
First we assume that PSp2m(q) = L ∈ Ω(L). By checking Tables 1, 2 and 5 of [10], it is not hard to
verify that either 5 | |G| and hence (L, H,G) occurs in Table 1, or |L : G|2¯  45, which is a contradic-
tion. Next assume that L = PSp2m(q), for m = 2,3. By [10, Table 1], computation shows that only the
following holds.
L = PSp2m(q), H = PSp2
(
qm
)
.m ∼= L2
(
q2
)
.m, m = 2,3.
If m = 2, then q4 − 1 | |L2(q2)| and hence π(L) = π(L2(q2)). This has been treated in Situation 1,
which is (L, H,G) = (PSp4(4), L2(16) . 2, L2(16)) (see row 7 of Table 1). If m = 3, then G  L2(q2).
Since |L : L2(q3)| = q3(q2 − 1)(q6 − 1), it follows that q = 2. Then, by [10, Table 1], we know that
(L, H,G) is given in row 5 of Table 2. This completes the proof of Lemma 3.3. 
4. Proof of Theorem 1.4
Lemma 4.1. Let L be a ﬁnite group and Γ a connected L-arc transitive graph of valency 5. For any α ∈ VΓ ,
if the subconstituent LΓ (α)α of Lα on Γ (α) contains A5 , then |ker(Lα)| /∈ {2,3,4,6,8} , where ker(Lα) is the
kernel of the action of Lα on Γ (α).
Proof. If this is not the case then, for each x ∈ Lα with o(x) = 5, x centralizes ker(Lα) since
ker(Lα)  Lα and 5  |Aut(ker(Lα))|. Let H be the subgroup of Lα generated by all elements of or-
der 5 in Lα . Clearly, H centralizes ker(Lα) and the homomorphic image H of H in L
Γ (α)
α satisﬁes
A5  H  LΓ (α)α  S5.
Suppose ﬁrst that |ker(Lα)| = 2, 4 or 8. By the connectivity we may assume further that ker(Lα)
acts nontrivially on Γ (β), for some β ∈ Γ (α). It follows that there is some 2-element v ∈ ker(Lα)
acting nontrivially on Γ (β). Since H has a section isomorphic to A5, there exists a 3-element u ∈
Hβ < H  Lα such that u acts nontrivially on Γ (β) since ker(Lβ) ∼= ker(Lα) is a 2-group now. Notice
that u ∈ H commutes with v and βu = β = βv , αu = α = αv . Thus the actions of u and v on Γ (β)
generate an abelian {2,3}-subgroup of (LΓ (β)β )α  S4, a contradiction.
If |ker(Lα)| = 3 or 6, again by the connectivity of Γ , we may take some element u ∈ ker(Lα) with
o(u) = 3 such that u acts nontrivially on Γ (β)\{α}, for some β ∈ Γ (α). Let B be the preimage of a
Sylow 2-subgroup of A5 in Hβ . Clearly, |B| is divided by 4. It follows that there exists a 2-element
v ∈ B such that v /∈ ker(Lβ) since 4  |ker(Lβ)|. Then, the actions of u and v on Γ (β) generate an
abelian {2,3}-subgroup in S4, a contradiction. 
From Lemma 4.1 we have immediately the following corollary.
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If there is an arc-transitive subgroup L of AutΓ with G < L, then 5 divides |L : G|. Further, for a vertex α ∈ VΓ ,
if 15 | |Lα | then Lα has a section isomorphic to A5 , 60 | |L : G| and |L : G| = 240 and 360.
Proof. Since L = GLα and G ∩ Lα = 1, |Lα | = |L : G|. Note that Lα is transitive on Γ (α). So 5 | |L : G|. If
15 divides |Lα |, then Lα must have A5 as a section. Indeed, select u ∈ Lα with o(u) = 3 satisfying that
u acts nontrivially on Γ (α). Take an element v ∈ Lα of order 5, then the actions of u and v on Γ (α)
generate a permutation group isomorphic to A5. Now |A5| divides |Lα | = |L : G|. If |L : G| = |Lα | = 240
or 360, then |ker(Lα)| ∈ {2,3,4,6}, which is impossible by Lemma 4.1. 
The next lemma is useful for analyzing the structure of a vertex stabilizer of AutΓ in the proof of
Theorem 1.4.
Lemma 4.3. Let Γ , L, α, β and ker(Lα) be the same as in Lemma 4.1. Suppose that L
Γ (α)
α contains A5 and let
H be the preimage of A5 in Lα . If ker(Lα) is a 2-group, then H does not centralize ker(Lα).
Proof. If this is not true, then a similar argument as in the proof of Lemma 4.1 shows that there exist
two elements x, y ∈ (LΓ (β)β )α  S4 such that o(x) = 2 or 4, o(y) = 3 and xy = yx, a contradiction. 
Proof of Theorem 1.4. Write A = AutΓ , N = G . A(G, S). If G is not normal in A, taking M = A,
then M contains N properly and Γ is M-arc transitive. Clearly, M is either quasiprimitive or non-
quasiprimitive on VΓ . We discuss these two cases separately. We ﬁrst give a deﬁnition for Condi-
tion (	).
Deﬁnition 4.4. For a group L, a proper subgroup T of L is said to satisfy Condition (	), if there is a
2-element x ∈ L such that 〈T , x〉 = L, x2 ∈ T and |T : T ∩ T x| = 5.
Case 1. M is quasiprimitive on VΓ .
Now (1) or (2) of Lemma 3.2 occurs. If Lemma 3.2(2) holds, then the action of G on S by conju-
gation is either trivial or faithful because G is simple. If the action is trivial, then G is abelian since
S generates G , a contradiction. If the action is faithful, then G can be embedded into S5. Thus G ∼= A5.
If Lemma 3.2 (1) holds then M is an almost simple group. Write soc(M) = L. Note that Γ is 5-valent.
So Mα acts primitively on Γ (α). Since 1 = LαMα , it follows that Lα is transitive on Γ (α) and hence
Γ is L-arc transitive. Then by Lemma 3.1, |L : G| divides 217 · 32 · 5. Let H be a maximal subgroup of L
containing G and D a maximal subgroup of L containing Lα . Then we obtain a maximal factorization
of L. Furthermore, the triples of (L, H,G) are given in Tables 1 and 2 of Lemma 3.3. It follows from
Corollary 4.2 that (L,G) must be one of the following group pairs:
(a) (An, An−1) with n | 217 · 32 · 5 and (A10, A7).
(b) (PΩ+8 (2),PSp6(2)) and (A8, L3(2)) with |L : G| = 120.
(c) (PΩ+8 (2), A9) with |L : G| = 960.
(d) (PSp6(2), L2(8)) with |L : G| = 3 · 960.
For group pairs in (a), if (L,G) = (An, An−1), then 5 | n since |Lα | = n. If n is also divisible
by 3, then |A5| divides n and hence n = 60k for some k | 215 · 3. Further, if k ∈ {3,4,6,8}, then
|ker(Lα)| ∈ {2,3,4,6,8}, which is impossible by Lemma 4.1. If (n,3) = 1, then n = 2i · 5, for 1 i  4
by Lemma 3.1.
If (L,G) = (A10, A7), we may construct a coset graph Γ ∗ = Γ (L, T , x) such that Γ ∗ ∼= Γ , where
T is a complement of G in A10 with |T | = 720 and x a 2-element of A10 satisfying Condition (	).
Computation by using GAP [6] shows that, in A10, all subgroups of order 720 completed to G = A7
are conjugate. Furthermore, there exists no 2-element x ∈ A10 satisfying Condition (	). So this is not
the case.
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exists no such graph.
For group pairs in (c), we have PΩ+8 (2) = A9Lα with |Lα | = 960. Thus LΓ (α)α contains A5 as a
section. If L(α)α = S5 then |ker(Lα)| = 8, which is impossible by Lemma 4.1. So |ker(Lα)| = 16. By
Lemma 4.3, the preimage of A5 in Lα acts nontrivially on ker(Lα) and so Lα ∼= Z42 · A5. On the other
hand, our computation shows that, in G = PΩ+8 (2), there are 3 classes of subgroups T ∼= Z42 · A5 of
order 960. Each of these subgroups has a trivial intersection with A9 < G . However, a systematic
search shows that, for each of these T , no 2-elements x ∈ G satisfy Condition (	). So (c) is not the
case.
For group pairs in (d), we have |Lα | = 3 · 960. However, computation shows that PSp6(2) contains
no subgroup of order 3 · 960, a contradiction. So (d) is not the case.
This completes the proof of Theorem 1.4(1).
Case 2. M is not quasiprimitive on VΓ .
Let K be a maximal intransitive normal subgroup of M and ΓK the quotient graph of Γ relative
to K . Clearly, ΓK is M/K -arc transitive with valency 5 since the valency of ΓK devises that of Γ . It
follows that Kα = 1 (that is, K is semiregular on VΓ ) and that |(AutΓK )α¯ | divides 217 · 32 · 5, for α¯ ∈
VΓK . Now the action of M/K on VΓK is quasiprimitive and locally primitive. So, by Lemma 3.2(3),
M/K is either an almost simple group or soc(M/K ) = A6 × A6 with |VΓK | = 36 and G ∼= A6. In the
latter case we have |VΓK | = 36 and 52 divides |(M/K )α¯ |, which is impossible. So M/K is almost
simple. Write soc(M/K ) = L¯, which is a ﬁnite nonabelian simple group containing G¯ = GK/K ∼= G .
Note that L¯ is not regular on VΓK . So ΓK is L¯-arc transitive. For α = 1G ∈ VΓ and α¯ = αK ∈ VΓK ,
we have L¯ = L¯α¯ G¯ with G¯ ∩ L¯α = G¯α¯ . Thus
|L¯ : G¯| = |L¯α¯ : G¯α¯| = |L¯α¯ |/|K |. (4)
It follows that |L¯ : G¯| divides 217 · 32 · 5. By Lemma 3.1, all such pairs (L¯, G¯) are listed in Tables 1
and 2 (without causing confusion, we identify L¯ with L in the tables and G¯ with G respectively).
Since (5, |U3(3)|) = 1, (K¯ , G¯) = (U3(3), L2(7)) in row 9 of Table 1 is not the case. Further, we may
assume that (L¯, G¯) = (PSp8(2),Ω−8 (2)). Now we discuss the following two subcases.
Subcase 1. G is centralized by K .
Recall G = GR < AutΓ . Note that GK = G × K  GA(G, S) with A(G, S)  S5. So K  GL ∩ S5.
If L¯ = G¯ , then it is trivial to see that G  AutΓ , which is not the case. So we assume that L¯ = G¯ .
Following two situations should be considered.
Situation 1. |K | is divisible by 5.
Since |K | divides |A(G, S)|, A(G, S) contains an element of order 5, say y, acting transitively on
Γ (α) = S . Thus Γ = Cay(G, S) with S = {x〈y〉}, for some involution x ∈ G . Note that |L¯α¯ |5 = 5. So
(L¯, G¯) must be one of the entries in Table 1 satisfying (5, |L¯ : G¯|) = 1 by (4). So G is either An−1 with
n | 217 · 32 · 5 or one of the following groups:
A6, A7, A8, L2(11), L2(25), M11, M23. (5)
Now we treat the groups given in (5). The following results are obtained by the computation using
GAP and the package GRAPE.
In G = A6 there are one class of involutions x and two classes of elements y of order 5. For
any pairs (x, y) such that 〈x, y〉 = G , construct the Cayley graph corresponding to the Cayley set
{x, xy, xy2 , xy3 , xy4 }. Then Aut(Γ ) ∼= (A6 × Z5) . 2. It follows that G  AutΓ , which contradicts our
assumption. Similarly, if G = M23, computation shows that G  AutΓ , which is not the case.
For G = M23, ΓK ∼= Γ ∗ = Γ (M24, T , x) for some subgroup T < M24 and 2-element x ∈ M24 satisfy-
ing Condition (	), where |T | = 24|K | = 120m with m | 24. If m = 2,3,4, then |ker(Lα)| ∈ {2,3,4,6,8}
which is impossible by Lemma 4.1. So m ∈ {1,6,8,12,24}. Moreover, computation shows that there
are totally 15 classes of T such that A5 is one of composition factors of T . A systematic search by
using GAP shows that none of these subgroups satisﬁes Condition (	).
X. Fang et al. / Journal of Combinatorial Theory, Series A 118 (2011) 1039–1051 1049Table 3
π(L) = π(G).
L¯ G¯ |L¯ : G¯|
A10 A8 90
A7 720
PSp4(4) L2(16) 240
PΩ+8 (2) PSp6(2) 120
A9 960
A7 L2(7) 15
A8 L3(2) 120
A9 L2(8) 360
L3(4) L2(7) 120
PSp6(2) L2(8) 3× 960
Situation 2. (5, |K |) = 1.
In this case, by (4), (L¯, G¯) in Tables 1 and 2 satisﬁes 5 | |L¯ : G¯|. So (L¯, G¯) is either (An, An−1) with
n | 217 · 32 · 5 or (A16, A14) or one of the entries listed in Table 3. In addition, by Proposition 2.1,
ΓK ∼= Γ ∗ = Γ (L¯, L¯α¯ , g¯), where L¯α¯ and g¯ satisfy Condition (	).
Now we will treat (L¯, G¯) in Table 3 case by case. Since 15 | |L¯ : G¯|, L¯α¯ contains A5 as a section and
hence 60 | |L¯α¯ |. Moreover, by (4), we have
|L¯α¯ | = |K ||L¯ : G¯|,
where |K ||24 since 5  |K |. In particular, |K | = 2, 4 or 8 if |L¯ : G¯|3 = 9.
For (L¯, G¯) = (A10, A8), |L¯ : G¯| = 90. So |K | = 2, 4 or 8 and hence |L¯α¯ | divides 720. Consequently,
|ker(L¯α¯)| divides 12. By Lemma 4.1, we can assume that |ker(L¯α¯)| = 12 and thus |L¯α¯ | = 720. In
A10, computation shows that there are 3 classes of subgroups T of order 720 with A5 as a sec-
tion. However, none of these subgroups satisﬁes Condition (	). If (L¯, G¯) = (A10, A7), (PSp4(4), L2(16)),
(PΩ+8 (2), A9), (PΩ
+
8 (2),PSp6(2)), the similar argument can also be applied to prove that they are not
the case.
For the rest ﬁve cases in Table 3, consider ΓK ∼= Γ ∗ = Γ (L¯, T , g). If L¯ = A9, computation shows
that none of T and g satisﬁes Condition (	). If L¯ = A9, then (L¯, G¯) = (A9, L2(8)). Arguing as above we
conclude that |T | = 720 or 1440, for Γ ∗ = Γ (A9, T , g). However, let
T = 〈(1,2,3,4,5), (1,2,3), (6,7,8), (6,7,9)〉 ∼= A5 × A4
and g = (1,7,2,6)(3,9,4,8) ∈ A9, then T and g satisfy Condition (	), which implies that we are not
able to exclude this case through Γ ∗ . On the other hand, since |L2(8)| = 504 is relatively small, we
can directly search for all Cayley subsets S ⊂ L2(8) such that |S| = 5, S = S−1 and 〈S〉 = L2(8) and
then construct the corresponding Cayley graphs Γ = Cay(L2(8), S). Computation shows that, for all
such Γ , the order of its automorphism group |AutΓ | is not divisible by 5. This means that there is
no connected 5-valent arc-transitive Cayley graph of L2(8).
This completes the proof of Theorem 1.4(2)(a).
Subcase 2. G is not centralized by K .
Now G is isomorphic to a subgroup of Aut(K ). We have the following result.
Lemma 4.5. (a) G is isomorphic to an irreducible subgroup of Ld(2) with 4 d 17; (b) |K |2 divides |G|2/2.
Proof. (a) Since |K | divides 217 · 32 · 5 and G  Aut(K ) we conclude that K has a minimal G-invariant
2-subgroup, say N , such that GN = G×N . So G is isomorphic to a subgroup of Aut(N) and hence to an
irreducible subgroup of Ld(2) for some integer 3 d 17. Furthermore, if d = 3, then G = L3(2) and
|N| is divided by 23 = |G|2. Thus |VΓK | is odd and ΓK has totally 5|VΓK | arcs, which is impossible.
(b) If |K |2 = |G|2, then |VΓK | is odd, a contradiction. So |K |2 divides |G|2/2. 
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of L¯, where the pairs of (L¯, G¯) are given in Tables 1 and 2.
First assume that (L¯, G¯) = (An, An−1) in row 1 of Table 1. If n − 1  9, then the degree of a pro-
jective 2-modular representation of An−1 is at least n − 3 by [8, Proposition 5.3.7], which implies
that |K |2 is divisible by 2n−3. On the other hand, it follows from [3, Lemma 2.1] that, for a ﬁnite
nonabelian simple group G , |G|2 divides 2m(G)−2, where m(G) denotes the minimal index of a proper
subgroup of G . So, for An−1 with n−1 9, |G|2 divides 2n−3. It follows that |K |2 = |G|2 = 2n−3 which
is impossible by Lemma 4.5(b). So G = An−1 with 5 n − 1 8. For G = A5, A6 and A7, again by [8,
Proposition 5.3.7], a similar argument yields a contradiction. So the only remained case is G = A8 and
(L¯, G¯) = (A9, A8).
For (L¯, G¯) = (A9, A8), 5 | |K | = |G¯α¯ | since (5, |L¯ : G¯|) = 1, which means that ΓK is G¯-arc transi-
tive. Thus ΓK ∼= Γ (A8, T , g) with |T | = |K |. It follows from Lemma 4.5 that |K |2 divides 25 since
|A8|2 = 26. And |T | = 2i · 5 for some 1 i  5 because |A9 : A8| = 9. Note that G acts nontrivially on
K by conjugation. Thus A8 is isomorphic to a subgroup of Ld(2) with d  4 by [8, Proposition 5.3.7].
It follows that 4 i  5. Thus |T | = 80 or 160. On the other hand, it is not diﬃcult to see that A8 has
no subgroups of order 80 or 160. So this case does not occur.
Next assume that (L¯, G¯) = (An, An−1). Two situations should be considered.
Situation 1. |K | is divisible by 5.
By (4) it is easy to see that |L¯ : G¯| is not divisible by 5. Thus G is one of the groups given in (5).
Furthermore, if G = A8, a similar argument as the above shows that this is not the case. For example,
G = M23, |G|2 = 27 and hence |K |2 divides 26. It follows that G is isomorphic to a subgroup of L6(2).
On the other hand, for M23, a minimal faithful projective p-modular representation of degree n is at
least 11 (see [8, Proposition 5.3.8]), a contradiction.
Then we deal with G = A8. By Table 1, (L¯, G¯) = (Sp6(2), A8) and |L¯ : G¯| = 72. Then the quotient
graph ΓK is A8-arc transitive since 5 divides |G¯α¯ |. Then, as in the case of (L¯, G¯) = (A9, A8) above, one
can prove that this is not the case.
Situation 2. (|K |,5) = 1.
Again by (4), we know that |L¯ : G¯| is divisible by 5. Then by Tables 1 and 2 we know that G is one
of the groups below:
A7, A8, A9, A14, L2(7), L2(8), L2(16), L3(2), Ω
−
8 (2), PSp6(2). (6)
If G = A8, Ω−8 (2) and PSp6(2), then the similar argument as above can be used to prove that G
centralizes K , which is impossible.
If G = A8, (L¯, G¯) = (A10, A8) by Table 1. Then ΓK ∼= Γ (A10, T , g), where T and g satisfy Condi-
tion (	). Now |T | = 90|K |, and hence K is a 2-group. Since |A8|2 = 26, |K | divides 25 by Lemma 4.5.
Recall that G is not centralized by K . So G is isomorphic to a subgroup of Aut(K ) and so |K | = 25 and
|T | = 25 · 90. On the other hand, computation shows that A10 has two classes of subgroups T such
that |T | = 25 · 90 and having A5 as one of their composition factors. However, a systematic search
shows that none of them satisﬁes Condition (	).
If G = Ω−8 (2), then (L¯, G¯) = (PSp8(2),Ω−8 (2)) by Table 1, which has been excluded.
If G = PSp6(2), then (L¯, G¯) = (PΩ+8 (2),PSp6(2)) by Table 1. So ΓK ∼= Γ (PΩ+8 (2), T , g), where T
and g satisfy Condition (	) and |T | = 120|K | with |T |2¯ dividing 45. Note that |PSp6(2)|2 = 29. Thus
|K |2 | 28 and hence 1 < |K | | 28 · 3. However, a systematic search shows that none of such subgroups
T satisﬁes Condition (	).
It follows that Theorem 1.4(2)(b) holds, which completes the proof of Theorem 1.4. 
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